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Abstract
A necessary and sufﬁcient condition is obtained for the linear span of a system of monomials {z :  ∈ }
to be dense in the space of all continuous functions deﬁned on the line segments emerging from the origin,
where is a set of nonnegative integers. The result is a generalization of the Müntz theorem to the segments
emerging from the origin and an extension of the Mergelyan theorem to lacunary polynomials.
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1. Introduction
Suppose  = {n : n = 0, 1, . . .} is an increasing sequence of nonnegative integers with
0 = 0 < 1 < 2 < · · ·, and span{z :  ∈ } is the linear span of a system of monomials
{z :  ∈ }. The elements of the set span{z :  ∈ } are called the lacunary polynomials with
exponents in . Let K be a compact set in the plane, and let C(K) be the space of all continuous
functions on K, equipped with the uniform norm. The famous Müntz theorem [4] states that
span{z :  ∈ } is dense inC([0, 1]) if and only if∑∞n=1 1/n diverges. Extensions of the Müntz
theorem abound. For example, generalizations to complex exponents are considered in Szász [7]
and to compacts in the real axis inBorwein andErdélyi [1–3,5].On the other hand, ifK is a compact
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in the plane whose complement is connected, the Mergelyan theorem [6] asserts that the set of all
polynomials is dense in C(K). It is a nontrivial problem to establish a Müntz-type theorem on a
compact consisting of some segments emerging from the origin in the plane. The aim of this paper
is to give an answer to this nontrivial problem. First we introduce some notations and deﬁnitions.
Suppose p and l are positive integers with 1 lp,  = e2i/p, P = {0, 1, 2, . . . , p − 1} and
j = { ∈  :  = 0,  ≡ j (mod p)}, where  ≡ j (mod p) means that  − j is divisible by
p. Let H(l, p) be the set consisting of all l-subset {m0,m1, . . . , ml−1} of P such that each l × l
sub-matrix of the matrix V (m0,m1, . . . , ml−1) is nonsingular, where the kth row of the matrix
V (m0,m1, . . . , ml−1) is the vector (1,mk−1 ,2mk−1 , . . . ,(p−1)mk−1) (k = 1, 2, . . . , l). For
example, according to the property of the Vandermonde determinant, P ∈ H(p, p), P − {k} =
{j : j ∈ P, j = k} ∈ H(p − 1, p) (k ∈ P) and {0, q} ∈ H(2, p) (1q < p) provided the
greatest common divisor of p and q is 1. Denote by  = (m0,m1, . . . , ml−1, a0, a1, . . . , al−1)
the union of all the line segments
(mj , aj ) = {rmj : 0raj } (j = 0, 1, . . . , l − 1),
where aj (0j l − 1) are positive real numbers and {m0,m1, . . . , ml−1} ⊂ P .
Then we have the following conclusion.
Theorem 1. Suppose = {n : n = 0, 1, . . .} is an increasing sequence of nonnegative integers
with 0 = 0 < 1 < 2 < · · ·, p and l are positive integers with 1 lp, {m0,m1, . . . , ml−1} ∈
H(l, p), aj (0j l − 1) are positive real numbers and  = (m0,m1, . . . , ml−1, a0, a1, . . . ,
al−1). Then span {z :  ∈ } is not dense in C[] if and only if there exist a (p − l + 1)-subset
Q of P such that
∑
q∈Q
∑
∈q
1

< +∞. (1)
Remark. (i) If p = l = 2, then  = [−a1, a0], Theorem 1 is mentioned in [1].
(ii) If l = 1, Theorem 1 is the Müntz theorem.
Combining the above result with a method in [5], we have the following theorem.
Theorem 2. Suppose F is an entire function with F(0) = 0,  = {n : F (n)(0) = 0}, {n}∞n=1
is a sequence of distinct complex numbers with a ﬁnite accumulation point, p and l are positive
integers with 1 lp, {m0,m1, . . .,ml−1} ∈ H(l, p), aj (0j l−1) are positive real numbers
and  = (m0,m1, . . . , ml−1, a0, a1, . . . , al−1). Then the linear span of the family {F(nz) :
n = 0, 1, 2, . . .} is not dense in C[] if and only if there exists a (p − l + 1)-subset Q of P such
that (1) holds.
2. Proof of Theorem 1
Assume that there exists a (p − l + 1)-subset Q of P such that (1) holds. Deﬁne
f (z) = z
(2 + z)3
∏
q∈Q
∏
∈q
− z
2 + + z . (2)
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By (1), the inﬁnite product in (2) converges uniformly on every compact set which contains none
of the points in the set {−− 2 :  ∈ {0} ∪⋃q∈Q q}. It follows that f is meromorphic function
in the whole plane, with poles in the set {−− 2 :  ∈ {0} ∪⋃q∈Q q}, and with zeros in the set{ :  ∈ {0} ∪⋃q∈Q q}. Also, each factor in the inﬁnite product (2) is less than 1 in absolute
value if Re z > −1. Thus |f (z)|1 if Re z−1. Now by the standard arguments in [6], we have
the following representation:
f (z) =
∫ 1
0
tzg(t) dt (Re z > −1),
where
g(t) = 1
2
∫ +∞
−∞
f (−1 + is)e−is log t ds (0 < t1) and g(0) = 0.
The function g(t) is continuous on [0, 1] and is satisfying
∫ 1
0
g(t)t dt = 0,  ∈ {0} ∪
⋃
q∈Q
q .
Given q ∈ Q and let (0, 1, . . . , l−1) be the solution of the following system of linear equations
of the variables x0, x1, . . . , xl−1:
l−1∑
j=0
mj (k+1)xj = 0 (k ∈ P − Q) and
l−1∑
j=0
mj (q+1)xj = 1. (3)
Then the assumptions of Theorem 1 guarantee that (0, 1, . . . , l−1) is the unique non-null
solution of (3) by the Cramer rule.
Deﬁne the function h(z) on  = (m0,m1, . . . , ml−1, a0, a1, . . . , al−1) by
h(z) =
l−1∑
j=0
j g(|z|/a)(mj ,a)(z),
where a = min{aj : j = 0, 1, . . . , l−1}, (mj ,a)(z) is the characteristic function of(mj , a) ={rmj : 0 < ra}. Then the function h(z) is a bounded measurable function on  such that, for
each  ∈ ,
∫

zh(z) dz =
l−1∑
j=0
(+1)mj j a+1
∫ 1
0
tg(t) dt = 0.
Therefore the linear functional T deﬁned by
T =
∫

(z)h(z) dz ( ∈ C[])
is a bounded linear functional on C[] vanishing at z( ∈ ) and the norm of T is
‖T ‖ =
l−1∑
j=0
|j |a
∫ 1
0
|g(t)| dt > 0.
This implies span{z :  ∈ } is not dense in C[] by the Hahn–Banach theorem.
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Next assume that span{z :  ∈ } is not dense in C[]. Then by the Hahn–Banach theorem
and Riesz representation theorem, there exists a non-null complex Borel measure 	 on  =
(m0,m1, . . . , ml−1, a0, a1, . . . , al−1) such that∫

z d	(z) = 0,  ∈ .
Therefore, 	 is also a non-null complex Borel measure on  − {0}. Denote by 	k the measures
on (0, 1] deﬁned by the following equality:
	k(E/b) =
l−1∑
j=0
kmj 	{mj t : t ∈ E ∩ (0, aj ]}, (4)
where b = max{aj : j = 0, 1, . . . , l − 1} and E is any measurable set on (0,b],  = e
2i
p
and k ∈ P. Since {m0,m1, . . . , ml−1} ∈ H(l, p) and each l × l sub-matrix of the matrix
V (m0,m1, . . . , ml−1) is nonsingular, so each l × l sub-matrix of the coefﬁcients matrix in (4) is
nonsingular and every l measures taken from {	k}p−1k=0 can determine 	 on −{0} uniquely. Thus
there exists a (p − l + 1)-subset Q of P and non-null measures 	q(q ∈ Q) on (0, 1] such that, for
each  ∈ q (q ∈ Q), the following relation:
0 =
∫

z d	(z) =
l−1∑
j=0
∫
(mj ,aj )−{0}
z d	(z) =
l−1∑
j=0
∫
(0,aj ]
(mj t) d	(mj t)
=
l−1∑
j=0
∫
(0,aj ]
mjq t d	(mj t) =
∫
(0,b]
t d	q(t/b) = b
∫
(0,1]
t d	q(t)
holds. Then the standard arguments in [6] show that∑∈q 1/ < +∞ and hence (1) holds.
3. Proof of Theorem 2
From the Hahn–Banach and Riesz representation theorems, the linear span of the family
{F(nz) : n = 0, 1, 2, . . .} is not dense in C[] if and only if there exists a non-null complex
Borel measure 	 on  satisfying
∫

F(nz) d	(z) = 0 (n = 1, 2, . . .),
where  = (m0,m1, . . . , ml−1, a0, a1, . . . , al−1). Assume such a measure 	 exists. As F is an
entire function, it follows that
h() =
∫

F(z) d	(z)
is also an entire function and h(n) = 0 for all n. Since {n}∞n=1 has a ﬁnite accumulation point,
h ≡ 0 by the uniqueness of analytic functions. So
∫

F(z) d	(z) = 0,
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by differentiating n times under the integral sign,
∫

znF (n)(z) d	(z) = 0.
Set  = 0 and we get that
F (n)(0)
∫

zn d	(z) = 0 (n = 0, 1, . . .).
Thus ∫

zn d	(z) = 0
for all n ∈ . This implies that span{zn : n ∈ } is not dense in C[], so the condition (1) holds
by Theorem 1.
On the other hand, assume that (1) holds. Thus span{zn : n ∈ } is not dense in C[] by
Theorem 1, and there exists a non-null complex Borel measure 	 on  satisfying
∫

zn d	(z) = 0 (n ∈ ).
Since F is an entire function, F(z) has an expansion in power series
F(z) =
∑
n∈
F (n)(0)
n! z
n.
By the uniform convergence of the power series on compact subsets of the plane, we obtain
∫

F(nz) d	(z) = 0 (n = 1, 2, . . .).
So the linear span of the family {F(nz) : n = 0, 1, 2, . . .} is not dense in C[].
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